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Membrane fouling occurs due to the dynamic development of resistances by several 46 
fouling components in the membrane bioreactor (MBR).  This study aims to develop a 47 
practical semi-empirical mathematical model of membrane fouling that accounts for 48 
cake formation on the membrane and its pore blocking as the major processes of 49 
membrane fouling. In the developed model, the concentration of mixed liquor 50 
suspended solid is used as a lumped parameter to describe the formation of cake layer 51 
including the biofilm. The new model considers the combined effect of aeration and 52 
backwash on the foulants’ detachment from the membrane. New exponential 53 
coefficients are also included in the model to describe the exponential increase of 54 
transmembrane pressure that typically occurs after the initial stage of an MBR 55 
operation. The model was validated using experimental data obtained from a lab-scale 56 
aerobic sponge-submerged MBR, and the simulation of the model agrees well with the 57 
experimental findings. 58 
 59 
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1. Introduction 69 
Membrane bioreactor (MBR) has been increasingly used for wastewater treatment 70 
around the world because of its smaller physical footprint, lower sludge production, and 71 
much higher removal efficiency compared to conventional activated sludge systems. 72 
Despite its proven advantages over conventional wastewater treatment, membrane 73 
fouling is still a major hindrance to the widespread commercial application of the MBR 74 
technology. Fouling results in reduced productivity and frequent cleaning or 75 
replacement of membrane demanding higher energy and operating cost (Kim et al., 76 
2013; Mannina and Cosenza 2013; Zhang et al., 2014). Numerous studies have so far 77 
been conducted to identify/investigate the foulants (Gao et al., 2013; Lin et al., 2009; 78 
Tian et al., 2011; Wang et al., 2015), the processes involved with fouling (Kim et al., 79 
2013; Qi et al., 2016; Wang et al., 2015; Zhang et al., 2016), and hence to devise 80 
strategies to control fouling (Deng et al., 2015, 2016; Drews, 2010; Mannina and 81 
Cosenza,  2013; Meng et al., 2009) for more efficient operation of the MBR systems. 82 
However, membrane fouling is a highly complex phenomenon and an accurate 83 
prediction of the fouling behaviour is still a major challenge for researchers (Cosenza et 84 
al., 2013) pursuing further research in this arena.  85 
Membrane fouling is the undesirable deposition and accumulation of 86 
microorganisms, colloids, solutes, and cell debris within/on membranes (Meng et al., 87 
2009).The fouling process is a highly complex phenomenon as it is often 88 
simultaneously caused by more than one mechanism. Nevertheless, membrane fouling 89 
can broadly be categorized as internal fouling and external fouling. Suspended particles 90 
of comparable sizes of the membrane pore (colloids) and of smaller sizes than the 91 
membrane pore (soluble particles) cause internal fouling by pore clogging and pore 92 
constriction (Busch et al., 2007). External fouling is ascribed to the cake layer formation 93 
associated as well with the formation of biofilm. In most of the studies, fouling due to 94 
the cake layer formation is considered as the major mechanism of fouling (Gao et al., 95 
2013; Lin et al., 2009; Meng et al., 2009; Pendashteh et al., 2011).  96 
The cake layer on membrane is formed by particle; larger than the membrane pores 97 
and the process is dependent on the concentration of MLSS, membrane flux and the 98 
scouring energy induced by the aeration (Giraldo and LaChevallier, 2006).An optimal 99 
concentration of MLSS in the bioreactor is considered as of critical concern for the 100 
successful operation of an MBR system since the activated sludge with MLSS 101 
concentrations exceeding 10 g/L may lead to worse filterability (Ferreira et al., 2010). 102 
However, the MLSS concentration is a key but poorly understood operational parameter 103 
linked to filtration resistance as far as the subdivisions of the membrane foulants are 104 
concerned to identify components of cake layer, biofilm or other associated factors. 105 
Apart from identifying the effects of gross MLSS concentration on fouling, researchers 106 
recently have identified that the colloidal content of the mixed liquor, extra cellular 107 
polymeric substances (EPS) and their fractions(carbohydrate and protein), 108 
microorganisms (Gao et al., 2013) contribute more potentially to the development of 109 
membrane fouling. Microorganisms have the capacity to colonize, and biofilm starts to 110 
form as soon as they attach to the membrane surface and consequently contributes to the 111 
formation of foulant layer ( Gao et al., 2013). However, as the formation of biofilm is 112 
accounted for separately in the fouling prediction, the process becomes much more 113 
complex since it is composed of bound extra-polymeric substances (bEPS), group of 114 
other microorganisms and water in a complex matrix. 115 
Soluble microbial products (SMPs) and extra cellular polymeric substances (EPS) 116 
have appeared as critical concerns when found integrated within the cake layer 117 
formation. Moreover, the time-dependent characteristics of most fouling mechanisms 118 
can further add to the complexity of membrane fouling in MBR applications. As a 119 
consequence, mathematical model-based approach has been adopted by researchers to 120 
gain further insight of the fouling phenomena especially in regards to the complex 121 
interactions among the physio-biochemical conditions within MBR. A significant 122 
number of modelling studies have been performed on membrane fouling employing 123 
resistance-in-series model in the last decade. Most of the models are basically based on 124 
cake layer formation, concentration polarization and irreversible resistance (Li and 125 
Wang, 2006;  Mannina et al., 2011; Wintgens et al., 2003;) . Wintgens et al. (2003)  126 
presented a semi-empirical model considering the cake layer formation, concentration 127 
polarization and irreverisible resistance for a submerged MBR system. Reversible and 128 
irreversible cake layer, pore blocking, and the feed side hydrodynamics were covered in 129 
a model by Li and Wang (2006). They used sectional approach to describe the non-130 
uniform distribution of the turbulent shear intensity and the fouling material coverage 131 
on the membrane surface. Nagaoka et al. (1998) developed an approach for the biofilm 132 
model of a membrane-based activated sludge system to study the influence of EPS on 133 
membrane surface and the biofouling, where aeration induced shearing stress was 134 
assumed as a factor for the reduction of fouling. Navaratna et al. (2012) provided 135 
explanation on the biofilm production considering the production, accumulation and 136 
consolidation of EPS onto the membrane surface as well as the aeration induced effects 137 
of shear. With the increased concern about biofouling, Busch et al. (2007) modified the 138 
model proposed by Nagaoka et al. (1998)  taking into account the effect of backwashing 139 
as well. They provided a set of comprehensive mathematical expressions considering 140 
geometry, hydrodynamics, cake layer formation, pore blocking, polydispersed particles, 141 
concentration polarization and biofilm formation. The effects of the fouling components 142 
were described locally along the membrane’s axis of length, with the effects of filtration 143 
and backwashing considered in the expressions as well. The reduction of fouling due to 144 
aeration induced shear was considered negligible in the model. Giraldo and 145 
LeChevallier (2006) provided a set of differential equations to correlate the exponential 146 
change of TMP with cake growth and associated headloss over time, removal of SMP 147 
within cakes and in membrane pores, and the associated effects of operational factors on 148 
fouling reductions.  149 
However, separate descriptions of the complex effects of different fouling processes 150 
and foulants’ removal processes could hardly be integrated to correlate well with basic 151 
external measures of fouling such as the practically observed TMP differences during 152 
the operation of MBR systems. None of the above studies has taken into account the 153 
combined effects of aeration and backwashing on membrane fouling. Aeration is needed 154 
to provide oxygen for maintaining the vital function of activated sludge in suspension 155 
and also to reduce fouling by scouring on the membrane surface (Mannina and Cosenza, 156 
2013) . Although the periodic backwash cannot completely remove foulants from the 157 
membrane surface, its contribution for the partial removal of foulants should be 158 
addressed in the fouling model.  159 
In this context, this paper describes the development of a simple mathematical model 160 
of membrane fouling accounting pore blocking and cake formation as the major fouling 161 
processes taking into account the effect of aeration and backwash. As the overall fouling 162 
process is a dynamic one, the proposed mathematical expressions for the membrane 163 
fouling processes necessarily include differential equations with time-dependent 164 
variables and constants. A combined effect of aeration and backwash on the detachment 165 
of foulants from the membrane, and the concept of exponential increase of TMP 166 
especially after the initial stage of operation of MBR are included in the new model. 167 
The model was calibrated using experimental data obtained from a lab-scale SSMBR 168 
operated at a constant flux. The verification of model was done for additional data of the 169 
SSMBR and the experimental results of a conventional MBR as well. 170 
2. Materials and Methods 171 
2.1 Experimental set-up 172 
The experiment was performed on a lab-scale SSMBR system. Specifications of the 173 
membrane module, sponge and operating conditions of the continuously aerated 174 
SSMBR system are shown in Table 1. Both the influent and effluent flow rates were 175 
controlled by a two channel pump while a separate pump was used for periodic 176 
backwashing of the membrane. A pressure gauge was used to measure the 177 
transmembrane pressure (TMP), and a hose air diffuser was used to provide air while an 178 
airflow meter was used to maintain a constant air flow rate at 2.2 L/m
2
 (membrane 179 
surface).h. Before starting the experiment, the sponges used in the SSMBR were 180 
acclimatized with the synthetic wastewater to be treated for 25 days. 181 
Table 1 182 
The sponge used in the SSMBR was reticulated porous polyester-urethane sponge 183 
(PUS) and the optimum size of the sponge was used as determined previously according 184 
to critical flux experiments by Guo et al. (2008). The activated sludge was taken from a 185 
local wastewater treatment plant and was acclimatized with synthetic wastewater before 186 
using it in the SSMBR system. The initial MLSS concentration in the bioreactor was set 187 
approximately at 5g/L considering the high volumetric air flow rate used in the SSMBR 188 
system. The synthetic wastewater mainly contained glucose, ammonium sulphate, 189 
potassium dihydrogen orthophosphate and trace nutrients, and the composition of it was 190 
the same as was used in the study by Lee et al. ( 2003) .NaHCO3 or H2SO4 was used to 191 
adjust the synthetic wastewater pH to 7. 192 
2.2 Methods of analysis  193 
The biological parameters were periodically measured during the period of the 194 
SSMBR’s operation. The MLSS of the sludge samples were analysed daily according to 195 
standard methods (APHA, 1998) . The concentrations of SMP were analysed according 196 
to modified method of Le-clech et al. (2006)  and Menniti and Morgenroth ( 2010) 197 
.After centrifugation of fresh 50 mL of mixed liquor sample was @ 3500 rpm for 30 198 
mins, the supernatant was then decanted carefully and filtered using glass fiber filter 199 
(Whatman 934-AH) with a nominal pore size of 1.2 µm. The filtrate was further filtered 200 
using a 0.2 µm cellulose acetate filter for the analysis of SMP, and then SMP was 201 
quantified as COD of the sample. COD analysis was done by COD reagent (HANNA 202 
instruments) following their prescribed procedure.  203 
2.3 Measurements of resistances 204 
Before commencing the experiment, the intrinsic membrane resistance was measured in 205 
distilled water at various fluxes in the range of 5 to 30 L/m
2
.h flux at the increment of 206 
5L/m
2
.h. At the end of experiment, the membrane module was taken out of the 207 
bioreactor and submerged in distilled water to measure the total resistance (RT= Rm+ 208 
Rp+ Rc) of the fouled membrane. RT is the total resistance which is the combination of 209 
membrane’s intrinsic resistance (Rm), pore fouling resistance (Rp) and cake layer 210 
resistance (Rc). Darcy’s law was applied to calculate total membrane resistances (RT) 211 




                                                                                                                 Eq. 01                                           213 
where is the permeate flux; TMP is the transmembrane pressure, µ is the viscosity of 214 
the permeate at 20
°
C. 215 
The fouled membrane was cleaned with distilled water first by gently shaking and 216 
thereafter by using a soft spatula, made of sponge, to remove the deposited sludge cake 217 
layer from the membrane surface, and then the resistance (Rp+Rm) was measured in 218 
distilled water. Finally, the membrane was chemically cleaned with 2% citric acid for 6 219 
hours to remove internal pore fouling, and then cleaned with 0.4% NaOCl and 4% 220 
NaOH for 6 hours to determine the intrinsic membrane resistance (Rm) again. For the 221 
calculation of daily total resistances from the measurements of TMP, the value of µ was 222 





)                                                                                          Eq. 02 224 
whereT is the temperature of mixed liquor temperature in 
°
C.  225 
2.4 Estimation of parameters of mathematical model 226 
The mathematical model equations were solved in Matlab 2014a based on the measured 227 
TMP, fouling resistances, MLSS and SMP concentrations in the bioreactor of the 228 
SSMBR. The algorithm used in the solution process was that of a nonlinear regression 229 
analysis using fitnlm function. The process was run with different initial values of 230 
parameters to ensure a maximum and acceptable value of R
2
 (squared value of the 231 
coefficient of variance).  232 
3. Model development 233 
In the simplified approach of mathematical modelling, the development of fouling of 234 
the membrane is linked with biological indicator parameters such as the concentrations 235 
of SMP and MLSS in the bioreactor. In this regard, the dynamic membrane fouling is 236 
considered occurring in two major phases.  237 
 The internal pore fouling of the membrane is assumed to occur by the adsorption 238 
of soluble particles within/onto the pores (e.g. SMP).  239 
 The external cake layer resistance to flux is assumed to occur as the main fouling 240 
resistance integrated in which is the resistance due to biofilm.    241 
3.1 Resistance due to pore blocking 242 
A fraction of soluble products are adsorbed within the pores, and therefore reduces the 243 
effective pore sizes as well as the surface porosity of the membrane causing the internal 244 
pore fouling of the membrane. The soluble particles that are considered to cause pore 245 
blocking of the membrane are the SMPs (soluble EPS of the microbial products). The 246 
mathematical formulation of internal pore fouling is typically expressed by relationships 247 
of pore blocking resistance with progressive reduction of the effective pore radius (rp) 248 






                   Eq. 03 250 
whereℎ= membrane’s effective thickness. The expression for Rp was first proposed by 251 
Wiesner and Aptel (1996)  and later modified by Bowen et al. (1997) . An extension of 252 
the mathematical expression for Rp is proposed by introducing an exponential term with 253 
a factor np to better explain the typically observed exponential rise of TMP especially 254 
after the initial stages of operation of an MBR system. The mass balance equation for 255 
particles around the membrane causing the reduction of porosity is calculated following 256 









              Eq. 04 258 
where   is the density of biomass, /) is the concentration of soluble particles 259 
entering the pores which may be taken as /) in the bioreactor, %& is the average 260 
fraction of soluble particles that accumulate in the pores, md,o and md,i are the membrane 261 
outer and inner diameter respectively. Equation 04 can be rewritten as shown in Eq. 05 262 
following the basic equation proposed by Giraldo and LeChevallier (2006). 263 
!
!"
= −0&/)(')(')                                      Eq. 05 264 









                          Eq. 06 266 
The differential equation to account for the effect of pore size reduction due to the 267 
adsorption of soluble particles within the pores is given in Eq. 07 Giraldo and 268 
LeChevallier (2006).  269 
6
6"
=	−0c)(')(')                          Eq. 07 270 
where, 0= pore size reduction coefficient. The concentration of SMP in the bioreactor 271 
(c)) is a time dependent variable which depends on the design and operation of an 272 
MBR system, particularly depending on the initial concentrations of MLSS.  273 
3.2 Resistance due to cake layer formation 274 
External membrane fouling is caused by the deposition of cake layer over the membrane 275 
surface which gradually grows in size and thickness over time. It was found in the 276 
earlier studies that the membrane fouling generally increases with the increase in the 277 
MLSS concentrations (Kornboonraksa and Lee, 2009) that mainly contribute to the 278 
progressive formation of cake layer on the membrane surface. The formation of the cake 279 
layer on the membrane surface integrates in it the formation of biofilm. However, the 280 
cake layer resistance due to the formation of biofilm is a complex process in the 281 
mathematical modelling, especially due to the hardly understood process of the 282 
detachment of biofilm (Busch et al., 2007) .As the formation of biofilm is inevitable in 283 
an MBR system and is acknowledged as one of major causes of membrane fouling (Gao 284 
et al., 2013), fouling prediction would not be complete without taking it into 285 
consideration. Consequently, the formation and detachment of the biofilm layer is not 286 
separately treated in the mathematical modelling, but is assumed to be integrated in the 287 
process of the formation and detachment of the cake layer. The concentration of MLSS 288 
in the bioreactor is taken as a gross parameter affecting the cake layer formation on the 289 
membrane while the dynamic effects of the formation of biofilm and cake layer is 290 
accounted for by taking the changes of MLSS concentrations in the model formulations. 291 
Due to the continuous aeration and periodic backwashing in the MBR system, part of 292 
the cake layer is detached from the membrane surface back into the mixed liquor 293 
suspension. An average rate of detachment of the cake layer (k) is assumed to represent 294 
this phenomenon which is accounted in the mass balance equation of the formation of 295 
cake layer over the membrane surface. In this simplified mathematical model, the 296 
variation of concentrations of MLSS (lumped parameter including SMP and bEPS and 297 
other microorganisms) in the bioreactor is assumed to be linked with the net rate of the 298 
attachment of cake layer (including biofilm) on the membrane surface. The cake 299 
filtration effects accounting the cake compressibility is included in the mathematical 300 
expressions of cake resistance (8) as shown in Eq. 08.  301 
9 = 09ℎ9(') 9
(:)                                                                                          Eq. 08 302 
where08 = specific resistance of the compressible cake layer, ℎ9 = variable depth of the 303 
cake layer expressed as a first order differential function in time. Considering the mass 304 
balance of the cake forming particles (e.g. MLSS) over the membrane surface, the ℎ9 305 




= . (1 − k)/9(')                                                                                        Eq. 09 307 
where /9= concentration of potential cake forming particles in the bulk liquid (e.g. 308 
MLSS ) which typically varies over time,  8= density of the cake layer .The factor > 309 
accounts for the detachment of the cake layer from the membrane surface a reasonable 310 
value for which may be determined from the model calibration. The depth of the cake 311 
layer (ℎ9) is calculated from the solution of Eq. 09 and is replaced in Eq. 08 to calculate 312 
the value of9. Finally, the total resistance is calculated from the equation of the 313 
resistance-in-series model as follows: 314 
 =  + 	 +	9                                                                                          Eq. 10 315 
Here the intrinsic membrane resistance () is a static component in the mathematical 316 
expression which can be determined experimentally, but the total membrane resistance 317 
() becomes a dynamic variable as it includes and	9. The external physical 318 
parameter indicative of the membrane fouling at any stage of the operation of an MBR 319 
system is the TMP (or ΔA). The state of fouling of the membrane at any instance of time 320 
(t) can be obtained from the current TMP(t) the mathematical expression for which are 321 
related to the respective measured data of flux () and total internal resistance (Rt) to 322 
flux according to Darcy’s law as shown in Eq. 01.  323 
 324 
4. Results and Discussion 325 
4.1 Variation of MLSS and SMP with operation time 326 
The operation of full-scale MBR systems are typically done with MLSS concentrations 327 
in the range of 8 to 18 g/L (Drews 2010). Among the two common practices in the 328 
operation of the MBR systems, one is to keep the MLSS concentration fixed more or 329 
less around a certain value which, however, needs frequent removal of excess sludge or 330 
activated sludge from the mixed liquor to avoid any instability in the operation of 331 
treatment such as to avoid the rapid rise of TMP. In the continuously operated MBR 332 
systems without sludge removal, the concentration of MLSS often increases steadily in 333 
most of the MBR systems depending on the feed characteristics and microbes present in 334 
the sludge (Hernandez et al., 2015). From the operational point of view, the latter 335 
practice of the MBR operation may offer advantages, for example it may promote more 336 
nitrification process due to the development of nitrifying bacterial community in the 337 
increased MLSS concentration (Kornboonraksha and Lee, 2009).  Nevertheless, the 338 
excess activated sludge may need to be withdrawn in the continuously operated MBR 339 
systems to maintain its operation for longer term or to avoid any sudden instability in its 340 
operation. In a study of an MBR system for treating domestic wastewater, Hasar et al. ( 341 
2002)  had to withdraw sludge in two stages to sustain stability in the operation of the 342 
systemas the MLSS steadily increased to much higher value resulting in rapid rise of 343 
TMP. 344 
In this study, the SSMBRsystemwas operated upto 49 days starting with the 345 
initial MLSS concentration of 5 g/L. The MLSS concentration steadily increased to 18.8 346 
g/L upto 32 days of operation of the system when the rapid rise of TMP was first 347 
observed.Consequently, some sludge was withdrawn (to reduce the MLSS 348 
concentration around 10 g/L) after 32 days to avoid the rapid rise in TMP. The MLSS 349 
again steadily increased from 10 g/L to 17 g/L up to 49 days when the operation of the 350 
system was terminated since the TMP increased to about 50 kPa. 351 
The effects of the withdrawal of sludge at 32 days were also evident in the 352 
concentrations SMP in the bioreactor of the SSMBR.The concentration of SMP in the 353 
bioreactor of MBR depends on the microbial activity, membrane rejection efficiency 354 
and many other factors. During the first 32 days of operation of the SSMBR, the SMP 355 
concentration was found in the range of 15 to 39 mg COD/L but relatively lower SMP 356 
concentrations (15 to 22 mg COD/L) were found in the latter stage of the operation 357 
period. Menniti and Morgenroth (2010) studied an MBR system under different 358 
operating conditions created by high shear and low shear aerations and with different 359 
membrane size. In the high shear MBR, the SMP concentration in the bioreactor was 360 
found to bearound 50 to 100 mg COD/L, while the SMP concentration in the low shear 361 
MBR varied within the range between 50 and350 mg COD/L.  362 
4.2 Model analysis and application 363 
4.2.1 Inputs for model calibration 364 
In the calibration of the model, the MLSS and SMP concentrations in the bioreactor are 365 
input, and these are the best representative mathematical functions of time obtained 366 
from experimental data for the solution of Eq. 07 and Eq. 09. The data chosen to derive 367 
the functions are the representative data measured during the first 30days of the 368 
operation of the SSMBR system. The variation of the concentrations of MLSS (in g/L) 369 
up to 32 days of operation of the system can be best represented by a linear function 370 
with a reasonably good correlation coefficient (R
2
= 0.95), as shown in Eq. 11 and in 371 
Figure 1.  372 
MLSS = 0.41 t + 5.6                                                                                 Eq. 11 373 
Where t represents the days of operation of the SSMBR. In any continuously operated 374 
MBR systems with no sludge withdrawal, the MLSS concentrations mostly increase at a 375 
steady rate (Harnendez et al., 2009; Kornboonraksha and Lee, 2012). Therefore, this 376 
type of best approximated function may be developed for the typical MBR system’s 377 
operation. 378 
Figure 1 379 
The variations of the concentrations of SMP in the bioreactor for the first 32 days of 380 
operation of the MBR can be better represented by power function (R
2
: 0.79), as shown 381 





         Eq. 12    383 
The numerical model simulation would be more simple if the rate of change of 384 
MLSS or SMP concentration is given as best approximated functions. The best 385 
approximated functions, as that are found in this study, may not be found in other MBR 386 
systems although with continuous operations of the system. In fact, the dynamic change 387 
of SMP concentration within bioreactor depends on the SMP growth rate, rate of 388 
degradation, the membrane rejection efficiency and many other factors. Menniti and 389 
Morgenroth (2010) found fluctuating (no trend) concentration of SMP in a high shear 390 
MBR while the SMP concentration steadily increased in a low shear MBR. However, 391 
the proposed model’s simulation can also be done by the inputs of discrete value of 392 
these parameters. 393 
With specific operational and design parameters as indicated in Table 1, the value of 394 
the membrane porosity reduction coefficient (0&) was determined to be 3.25 m
2
/Kg 395 
according to Eq. 06 while the value for the membrane pore size reduction coefficient 396 
(0) is reasonably assumed to be 0.000943 m
3
/Kg (=1/  ). An average value for the 397 
specific cake resistance 08= 1*10
14
 m/Kg was adopted which fell between the upper 398 
and lower bound value as reported in the literature (Li and Wang, 2006). With other 399 
design and operational parameters (e.g. measured values of , 	, Rm) of the SSMBR and 400 
the expressions for Rp and Rc are derived from Eq. 03 and Eq. 08 respectively, TMP was 401 
calculated  according to Darcy’s law (as shown in Eq. 01). 402 
4.2.2 Model calibration and reliability analysis 403 
The unknowns involved in the solution of the mathematical expressions have some 404 
characteristic features by definition. The coefficients np and nc should preferably have 405 
positive values, the value of effective initial porosity of the membrane should be in the 406 
range between 5% and 34% (Yoon et al., 2006) , and the coefficient for the rate of cake 407 
layer detachment (k) should have a value between 0 and 1. With the input values of 408 
variable TMP (experimental) for the first 32 days of operation of the MBR, the resulting 409 
equation for TMP (according to Eq. 01) could be solved by non-linear regression 410 
analysis to find unknowns and hence to simulate  a reasonable  TMP (Figure 2).  411 
Figure 2 412 
However, the unknown parameters and constants determined from the combined 413 
mathematical modelling of total resistances RT (=Rm+Rp+Rc) against experimental TMP 414 
are meaningless according to their definition in the model equations (e.g. k>> 1). 415 
Although the total resistance (RT) could be predicted fairly accurately, the boundary 416 
values of Rp and Rc as determined from these coefficients do not satisfy the values that 417 
were experimentally measured at the end of operation of the SSMBR. Therefore, the 418 
calibration of the mathematical model of membrane fouling was done separately for the 419 
two dynamic components of fouling resistances, Rp and Rc. The initial and final 420 
boundary values of Rp that are used for the model calibration are zero and 3.5*10
12
 /m, 421 
respectively. Figure 3 shows simulated results of Rp with different assumed values of 422 
effective initial porosity as 7%, 10%, 15% and 25% of the membrane.  423 
Figure 3 424 
The values of the coefficients and constants as determined from the model 425 
simulations for Rp are then used for further simulations for TMP against RT to determine 426 
other coefficients and constants. Table 2 shows the calculated values of all the model 427 
parameters obtained from the mathematical model simulations using the data for the 428 
first 32 days of operation of the SSMBR system. However, the respective values of cake 429 
layer resistance (Rc) and the pore fouling resistance (Rp) at the end of day 49 of the 430 
SSMBR’s operation are also included in Table 2. Table 2 shows that the calculated 431 
values of coefficients are meaningful and reasonable when the initial porosities of 432 
membrane are below 15%.The calculated rate of cake layer detachment (the value of the 433 
coefficient, k), for example, should be a positive number with a value less than 1 which 434 
could only be found when the initial porosities of the membrane was assumed to be 435 
between 7% and 15%. At the same time, the assumed porosity between 7% and 15% is 436 
also a reasonable assumption for the microfiltration membrane. The cake layer 437 
resistance Rc, as determined by the model simulation with assumed effective initial 438 
porosity of 15%, is found to 1.205*10
13
/m. The measured cake layer resistance 439 
(1.07*10
13
 /m) at day 49, however, was less than that determined from the model 440 
simulations. This is reasonable asa fraction of the sludge was withdrawn at day 32 of 441 
the SSMBR’s operation. An even better agreement with the experimentally measured 442 
pore fouling resistance (Rp) at day 49 could be found by the model simulation results as 443 
shown in Table 2. Therefore, an effective initial porosity of 15% seems to be reasonable 444 
for the membrane of the SSMBR considering the better agreement for both the 445 
boundary values of Rp and Rc.  446 
Table 2 447 
Table 3 448 
4.2.3 Comparison between experimental and simulated results 449 
The model of membrane fouling described in this paper has introduced two new 450 
parameters np and nc, respectively to account for the exponential rise of dynamic 451 
resistances Rp and Rc that are typically comparable with the exponential rise of TMP 452 
especially after the initial stage of operation of any MBR. The model could not be 453 
calibrated against the boundary values of Rp and Rc without using these exponential 454 
parameters. Figure 4, for example, shows the model simulation results for Rp with and 455 
without using the parameter np in the expression for Rp. It is evident from the simulation 456 
results that the rise of pore fouling resistance without exponential parameter in the 457 
model is very insignificant which does not fit the typical observations of the increase of 458 
Rp in any MBR system which is also comparable to the pattern of TMP rise.   459 
Figure 4 460 
Meaningful values of the model parameters and coefficients can only be calculated 461 
by the calibration of the model separately for the two dynamic components of fouling 462 
resistances, Rp and Rc. The boundary values of Rp and Rc as determined by the calibrated 463 
model agree reasonably well with their experimentally determined values although only 464 
few selected experimental measures of TMP have been used for the calibration of the 465 
model. Figure 5 shows that the experimental Rp+Rc also compares well against the daily 466 
variations of simulated Rp+Rc particularly for the period when exponential increase of 467 
fouling resistances/ TMP occurred. Figure 5 aslo shows experimental results of total 468 
fouling resistance (RT)  against the daily variations of simulated RT in terms of TMP. 469 
Therefore, the mathematical model can be effectively used to predict separate 470 
components of the dynamic fouling resistances along with the prediction of total fouling 471 
resistances.   472 
Figure 5 473 
The model simulation was also carried out to compare the rise of TMP in a 474 
conventional MBR system (CMBR, without sponges in the bioreactor) of the same type 475 
that was run with a reduced constant flux (10 L/m
2
/hr) but with nearly the same initial 476 
MLSS concentrations of the sludge (5.7 g/L) as that of the SSMBR. The wastewater 477 
characteristics and the volume of the reactors are same in both the MBR systems. The 478 
mean pore size of the membrane of the CMBR is 0.2 µm. The model simulation has 479 
been done by using the calibrated model parameters and coefficients of the SSMBR, but 480 
changing the parameters relevant to the operational parameters of the CMBR (e.g. ). 481 
Figure 6 shows the model simulation results of TMP of the CMBR as compared to the 482 
experimentally measured results.  483 
Figure 6 484 
As was experimentally observed for the CMBR, the exponential rise of TMP cannot 485 
be simulated well (Figure 6) without changing the exponential parameter (nc) for the 486 
cake layer resistance (Rc). The fundamental difference between the operation of CMBR 487 
and SSMBR system is that the sponges in the bioreactor of a SSMBR act against the 488 
cake layer growth and hence reduce the exponential rise of TMP due to the formation of 489 
the cake layer. The fact is also evident in the model simulation results of the CMBR 490 
where the cake layer resistance (Rc) cannot be simulated accurately with the same value 491 
of the coefficient nc as used for the SSMBR (nc =0.065). However, the cake layer 492 
resistance (Rc) and hence the TMP in the CMBR can be simulated reasonably well by 493 
simply changing the value of nc to 0.140 which accounts for more rapid rise of TMP in 494 
the CMBR. Figure 6 shows the model simulation results of TMP of the CMBR with the 495 
modified value of nc= 0.140 instead of 0.065.  496 
5. Conclusion 497 
A new and practical semi-empirical mathematical model of membrane fouling has been 498 
developed in the study that accounts pore blocking and cake formation on membrane as 499 
the major processes of membrane fouling in an aerobic submerged MBR. SMPs are 500 
considered as the key components of pore fouling while MLSS are assumed as 501 
contributors of foulants of cake layer including the biofilm. The model simulation could 502 
predict reasonably well the development fouling in a lab-scale submerged MBR system. 503 
However further verification of the model is required by operating the MBR systems 504 
with different MLSS concentrations and at different operating conditions.  505 
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Highlights 
• Fouling in MBR occurs due to dynamic development of several fouling resistances  
• Pore blocking and cake layer formation on membrane are the major processes of 
fouling 
• SMP is assumed to be the major contributor of membrane pore fouling 
• MLSS is assumed to contribute to the development of cake layer and biofilm 
formation  




Table1: Design parameters, operating conditions and system performance of the SSMBR 
Table 2: Parameters and model simulation results with various porosities of membrane 
























Membrane details:  
Membrane material Polyethylene with hydrophilic coating 
Manufacturer Mitsubishi-Rayon, Tokyo, Japan 
Pore size 0.1 µm 
Outer diameter, md,o 0.41 mm 
Inner diameter, md,i 0.27 mm 
Effective thickness, hm= md,o-md,i 0.14 mm 
Surface area 0.195 m
2
 
Sponge details:  
Manufacturer’s Name Joyce Foam Products, Australia 
Material Reticulated porous polyester-urethane (PUS) 
Density 28-30 kg/m
3
 with 90 cells per 25 mm 
Size 1 cm × 1 cm × 1 cm 
Volume fraction of bioreactor 10% 




Reactor volume (L) 10 







HRT (h) 4.3 
DO (mg/L) 7.5-8.5 
Operation period (d) 50 
Physical cleaning frequency(Backwash) 1 min after  every 1 hour of filtration 
Backwash rate  (L/m
2
.h) 30 
Influent characteristics:  
COD (mg/L) 350-380 
PO4-P (mg/L) 3.1-4.0 
NH4-N (mg/L) 9-15 
Organic Loading Rate (g COD/L/d) 1.96 - 2.1 













 Initial porosities (%) 
Parameters 7 10 15 18 
K 0.07 0.067 0.025 -0.007 
np 0.081 0.089 0.097 0.107 







































Parameter Description Value 
 K 
rate of detachment of cake layer due to the combined effects 
of backwash and aeration (%)  
0.025 
 αc  specific cake resistance (m/Kg) 1x10
14 
 αf membrane porosity reduction coefficient (m
2
/Kg) 3.25 
 αp pore size reduction coefficient (m
3
/Kg) 0.000943 
nc exponential parameter (used in cake layer resistance) 0.065 
np exponential parameter (used in pore resistance) 0.097 











Figure 1: Variation of MLSS and SMP in bioreactor during first 32 days of the SSMBR 
operation 
Figure 2: Comparison of the experimentally measured TMP and the TMP calculated from 
mathematical model (for the first 32 days of operation of the SSMBR) 
Figure 3: Simulated Rp for various initial porosities of membrane 
Figure 4: Simulated Rp with and without using the parameter np (for porosity of 15%) 
Figure 5: Comparison of model simulation results with experimental results of SSMBR (Rp+Rc  
and TMP) 
Figure 6: Comparison of simulated TMP with experimental TMP of the CMBR (with and 



















































































Time of operation (d)




















































Time of operation (d)
for porosity 7% for porosity 10%
















































Time of operation (d)
without exponential parameter (for porosity 15%)
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